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Abstract
The one-loop effective potential in 2D dilaton gravity in conformal gauge on
the topologically non-trivial plane IR×S1 and on the hyperbolic plane H2/Γ
is calculated. For arbitrary choice of the tree scalar potential it is shown,
that the one-loop effective potential explicitly depends on the reference metric
(through the dependence on the radius of the torus or the radius of H2/Γ).
This phenomenon is absent only for some special choice of the tree scalar
potential corresponding to the Liouville potential and leading to one-loop
ultraviolet finite theory. The effective equations are discussed and some
interpretation of the reference metric dependence of the effective potential is
made.
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There was recently much activity in the study of 2D dilaton gravity which
was considered as a toy model for a still unknown consistent theory of 4D
quantum gravity. One of the main motivations for such a study was the
identification of black holes in such a theory (see, original works [1, 2]).
Different theories of 2D dilaton gravity (mainly string-inspired models) have
been discussed (see [3] for a review). The model of 2D dilaton gravity which
is quite general and which will be the model we are interested in is described
by the following action [4]
S =
∫
d2x|g| 12
[
1
2
gµν∂µϕ∂νϕ+ cϕR + V (ϕ)
]
, (1)
where ϕ is a dimensionless scalar, c is the scalar-graviton coupling constant
and V (ϕ) is the scalar potential. Note that the action (1) can be transformed
on the classical level [5] to the form corresponding to the string effective
action (for an introduction to string theory, see book [6]).
The renormalization properties of the theory (1) are known, in particularly
the direct calculations in a general covariant gauge [4] or in conformal gauge
[5] show that the 2D dilaton gravity (1) is multiplicatively renormalizable in
the usual sense for the potential chosen in Liouville form:
V (ϕ) = µ2eαϕ, (2)
where α is an arbitrary parameter. In this case, the action (1) corresponds
to the celebrated Liouville theory.
Recently, the study of the off-shell one-loop effective potential in the theory
(1) in the general covariant gauge [4] has been performed on flat background
[7]. As it usually happens in gauge theories, is was found [7] that this effective
potential is highly gauge dependent (through the explicit dependence from
the gauge parameters).
In ref. [5] the calculation of the one-loop effective potential was performed in
the conformal gauge
gµν = e
2σηµν (3)
on flat background with constant ϕ. In the conformal gauge, theory (1) may
be represented as some particular D = 2 σ-model, hence it is expected that
the effective action should not depend on the choice of the fiducial metric
as it usually happens in string theory [6]. That is why the choice of the
reference metric in the form of the simplest — flat space metric — has been
made in ref. [5].
However, not everything is clear in such a picture. In particular, there are
some subtleties in the definition of the path integral over metrics in the
2
σ-model approach to string theory. That may mean, that one can find the
explicit reference metric dependence in the calculation of the off-shell effective
action (at least in its finite part). Such phenomenon maybe considered as
some analog of the gauge dependence of the off-shell convenient effective
action in gauge theories.
Motivated by these considerations, we study the off-shell one-loop effective
potential in the theory (1) in the conformal gauge
gµν = e
2σg¯µν , (4)
where g¯µν is not the flat space metric. In order to estimate the influence
of the topology on the effective potential as the first example we choose g¯µν
corresponding to the metric of topologically non-trivial planeM = IR × S1.
In the second example g¯µν corresponds to the metric of the hyperbolic plane
M = H2/Γ (so one can find the influence of the topology and curvature on
the effective potential). Note that for hyperbolic manifolds, the co-compact
discrete group Γ in PSL(2, IR) is assumed to have only hyperbolic elements,
so that the resulting quotient manifold is a smooth one.
Hence, starting from the theory (1) in the conformal gauge (4), and expanding
near this static background, g¯µν and ϕ¯, where ϕ¯ is the constant field, one can
easily obtain (see, for example, [5])
Γ
(1)
eff [g¯µν , ϕ¯] =
1
2
ln det∆ij − ln det(−∆¯), (5)
where the second term in (5) is the ghost contribution and [5]
∆ij = ∆
(0)
ij +Mij (6)
with
∆
(0)
ij = −
(
∆¯ 2c∆¯
2c∆¯ 0
)
, Mij = −
(
2V ′′ 2V ′
2V ′ 4V
)
. (7)
Diagonalizing equation (5) and dropping the non-essential constants, one can
find
Γ
(1)
eff [g¯µν , ϕ¯] =
1
2
tr
{
ln(−∆¯ +m21) + ln(−∆¯ +m22)− 2 ln(−∆¯)
}
(8)
where
m21,2 =
1
2c2
[
V − 2cV ′ ±
√
V 2 − 4cV V ′ + 4c2V V ′′
]
, (9)
V ′ = (∂V/∂ϕ¯) and the trace is now only over a complete basis of the Hilbert
space L2(H2/Γ) or L2(IR × S1). Note that we don’t take into account the
3
V -independent part of the effective action, which gives the induced gravity
term of the Polyakov form,
∫
R∆−1R.
It is seen, that equation (8) is equivalent to the knowledge of the determinant
of the operator
D = −∆+M2 (10)
with some mass M2.
For the hyperbolic plane under consideration very similar calculations have
already been done in D = 4 dimensions [8, 9, 10] and for details of the
calculation we refer the interested reader to these references. (Note that
such a type of calculation of Tr ln on D = 3, 4 hyperbolic manifolds is based
on the use of the Selberg trace formula because the explicit spectrum of the
operator is not known. That is contrary to the similar calculations on the
sphere S4 [11, 12, 13], where the spectrum of the operator is well-known.)
As a result, we may write the effective action in the form
Γ
(1)
eff [g¯µν , ϕ¯] = B(m
2
1) +B(m
2
2)− 2B(0). (11)
For the manifold H2/Γ after some work along the lines of [9, 10], for M2 > 0
one may calculate B(M2) as (λ is an arbitrary renormalization scale)
BΓ(M
2) =
g − 1
2
[
δ2 +
1
12
]
ln
(
R2Hλ
2
δ2
)
(12)
+
g − 1
2
δ2 + Y + T
with the abbreviations δ2 = M2R2H + 1/4 (RH is the radius of H
2/Γ), and
Y = −(g − 1)
∞∫
0
dr r ln
(
1 +
r2
δ2
)
(1− tanh pir) (13)
and
T =
1
2
lnZ
(
δ +
1
2
)
, (14)
Z(s) being the Selberg zeta function corresponding to the group Γ.
ForM = 0 the Laplacian has a zero mode. Thus in the limitM → 0 equation
(12) has a logarithmic divergence, which is hidden in T , equation (14), due
to Z(1) = 0. However, subracting as usual the zero mode, leads to equation
(12) with δ2 = 1/4 and instead of equation (14) use T = (1/2) lnZ ′(1).
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For the manifoldM = IR×S1, working along the lines of for example [14-18]
(see [19] for a review), we have
B(M2)
R
= −M
2pi
∞∑
l=1
1
l
K1(MLl) (15)
+
pi
2L
(
ML
2pi
)2 [
1− ln
(
M
λ
)2]
useful for large values of ML, L being the compactification length of the
torus, R representing the (infinite) volume of the real line, and
B(M2)
R
=
1
L
[
pi
(
ML
2pi
)2
ln
(
Lλ
4pi
)
− pi
6
+ pi
(
ML
2pi
)
+ piγ
(
ML
2pi
)2
−√pi
∞∑
l=2
(−1)l
Γ
(
l − 1
2
)
l!
(
ML
2pi
)2l
ζR(2l − 1)

 , (16)
useful for small values of ML.
Now we can analyse the properties of our one-loop effective potential. As one
can see the dependence on the reference metric appears through the non-zero
effective masses in the effective potential. This dependence may disappear
for different types of potential. In particular, for Liouville type potential,
V (ϕ) = µ2eαϕ, α =
1
2c
(17)
with α defined as in (17) (note that such a choice of V corresponds to one-
loop ultraviolet finite theory [4]) one can easily see that m1 = m2 = 0,
the one-loop effective potential is equal to zero and there is no reference
metric dependence of the one-loop effective potential. For other choices of
the potential, we in fact have such an dependence.
Now we may have a look to the effective equations corresponding to the
one-loop effective potential, Γeff = S + Γ
(1). These equations are
∂Γeff
∂ϕ
= 0,
∂Γeff
∂ρ
= 0, (18)
where ρ = L for IR×S1 space and ρ = RH for the hyperbolic plane. Note that
if we would want to use the Kaluza-Klein type interpretation we could put
by hands the additional condition—vanishing of the effective cosmological
constant— Γeff = 0 on the solutions of equations (18).
The effective equations are of course easily found from the expressions we de-
rived for Γ
(1)
eff . To give solutions of these equations we consider for simplicity
the Liouville type potential, equation (2). Thus
m21 = c
−2µ2eαϕ¯(1− 2αc), m22 = 0. (19)
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Combining equations (18) in a useful way, for H2/Γ we find
m21R
2
H =
1
3
, δ2 =
7
12
. (20)
Thus the on-shell effective action for this case is simply given by (11), (12),
with δ2 = 7/12.
For IR × S1 the effective equations are not so simple, however using these
effective equations it is possible to write the on-shell effective action in the
form
Γeff
R
= − 1
L
{
L2V (ϕ¯)− (Lm1)
2
4pi
[
1− ln
(
m1
λ
)2]
− pi
3
}
(21)
Thus, from our two explicit examples one can see, that not only the off-
shell one-loop effective potential in 2D dilaton gravity in conformal gauge,
but also the on-shell one depends explicitly on the reference metric. If we
interpret this phenomenon as some kind of the gauge dependence of the
convenient effective potential in gauge theories (like scalar QED), we see
perfect analogy between them. Indeed, in gauge theories the off-shell effective
potential is usually gauge dependent, and the on-shell effective potential is
gauge independent in a sense, that a general theorem exists for the formal
non-perturbative on-shell effective potential. However, in loop expansion
the explicit calculation shows the gauge dependence of the on-shell one-loop
effective potential. Extending this analogy further, one would expect that the
non-perturbative on-shell effective potential in 2D gravity should not depend
on the reference metric. It would be of interest to analyse this question
further.
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